Abstract: Simultaneous or near-simultaneous observations at multiple frequency bands have the potential to overcome the fundamental limitation imposed by the atmospheric propagation in mm-VLBI observations. The propagation effects place a severe limit in the sensitivity achievable in mm-VLBI, reducing the time over which the signals can be coherently combined, and preventing the use of phase referencing and astrometric measurements. We present two demonstrations of the power of (near) simultaneous multi-frequency observations with the KVN and VLBA, and our recently developed analysis strategies to enable new measurements at mm-VLBI. The first case comprises simultaneous observations at 22, 43, 87 and 130 GHz of a group of five AGNs, the weakest of which is ∼200 mJy at 130 GHz, with angular separations ranging from 3.6 to 11 degrees, using the KVN. We analysed this data using the Frequency Phase Transfer (FPT) and the Source Frequency Phase Referencing (SFPR) techniques, which use the observations at a lower frequency to correct those at a higher frequency. The results of the analysis provide an empirical demonstration of the increase in the coherence times at 130 GHz from a few tens of seconds to about twenty minutes, with FPT, and up to many hours with SFPR. Moreover the astrometric analysis provides high precision relative position measurements between two frequencies, including, for the first time, astrometry at 130 GHz. The second case is a variation of the above, whereby adding dedicated wide-band cm-wavelength observations to measure the ionosphere eliminates the need for a second, calibrator, source. This addresses the scarcity of calibrators at mm-VLBI. We dubbed this technique Multi Frequency Phase Referencing (MFPR). We present bona fide astrometrically aligned VLBA images of BL Lacertae at 22 and 43 GHz using MFPR, which, combined with results from conventional phase referencing at cm-wavelengths, suggests the VLBI core has a recollimation shock that is revealed at mm-wavelengths. These shocks could be responsible for the γ-ray emission in blazar jets.
Introduction
VLBI at (sub)mm wavelengths (hereafter mm-VLBI) can result in the highest angular resolutions achieved in astronomy and has a unique access to emission regions that are inaccessible with any other approach or at longer wavelengths, because the compact areas of interest are often self-absorbed. Therefore it holds the potential to increase our understanding of the physical processes in e.g., Active Galactic Nuclei (AGN) and in the vicinity of super-massive Black Holes, and for studies of molecular transitions at high frequencies.
Nevertheless, the applications of mm-VLBI are not widespread. The observations become progressively more challenging as the wavelength gets shorter, because of the: limited telescope surface accuracy and aperture efficiency, receiver system temperatures and sensitivity, shorter atmospheric coherence times and the fact that sources are intrinsically weaker in general. Moreover phase referencing techniques, which are routinely used in cm-VLBI, fail to work beyond 43 GHz (excluding a single case at 86 GHz with the Very Long Baseline Array (VLBA) [1] ). In this paper we will focus on two aspects that limit the potential of mm-VLBI observations: (1) achieving improved sensitivity through increased coherence times, to increase the number of targets; (2) achieving astrometry, and in particular for "bona fide" registration of images at multiple frequency bands, to reveal the physical processes in a number of fields of astronomy. The first case study presented in this paper uses observations with the Korean VLBI Network (KVN) [2, 3] . The KVN is the first dedicated mm-VLBI array and addresses one of the fundamental limitations of the field, the atmospheric stability. It currently consists of three antennas operated by Korea Astronomy and Space Science Institute (KASI). The observing frequencies are centred at 22, 43, 87 and 130 GHz (i.e., K, Q, W and D bands). The baseline lengths between the antennas range between 300 and 500 km, which provide a spatial resolution ∼1 mas at the highest frequency band. The innovative multi-band receiver [4, 5] of KVN is designed to mitigate the atmospheric propagation effects using simultaneous observations at multiple bands. The KVN combined with the Frequency Phase Transfer (FPT) and Source Frequency Phase Referencing (SFPR) data analysis techniques ( [6] [7] [8] [9] see also references therein) allows an effective increase of the coherence time, well beyond that imposed by tropospheric fluctuations, as well as high precision astrometric measurements, respectively, even at the highest frequencies.
The second case study is concerned with the nature of the VLBI core, in particular in blazars. Results from the VLBA-BU-BLAZAR program, show that most γ-ray flares are simultaneous within errors with the appearance of a new superluminal component or a major outburst in the core of the jet, which is defined as the bright, compact feature in the upstream end of the jet [10] [11] [12] . A burst in particle and magnetic energy density is therefore required when jet disturbances cross the radio core in order to produce γ-ray flares, which can naturally be explained by identifying the radio core with a recollimation shock [13] [14] [15] . Multi-wavelength observations of blazars therefore suggest that the radio core is a physical feature (recollimation shock) in the jet at a fixed location. On the other hand, the standard Blandford & Königl conical jet model hypothesises that the core is not a physical feature in the jet, but corresponds to the location at which the jet becomes optically thin, and therefore its position shifts with observing frequency [16] [17] [18] [19] . This has been demonstrated using multi-frequency cm-VLBI phase-referencing for 3C 395, 4C 39.25, 1038+528, 3C 390.1, M 81, M 87 and 3C454.3 ( [20] [21] [22] [23] [24] [25] [26] 
respectively).
A possible solution for this apparent contradiction is that, at low frequencies the core emission is downstream from the shock and follows the Blandford & Königl model, and at higher frequencies the jet is optically thin even close to the jet launch point so that the shock is revealed. High precision bona fide astrometry of the position of the radio core across a range of frequencies up to mm-wavelengths will shed light on this. For the BL Lac study presented here we use the Multi-Frequency Phase Referencing method, where the dispersive atmospheric and instrumental contributions are measured at other frequencies and removed before FPT calibration. As the FPT corrects the non-dispersive rapidly changing contributions, and the multi-frequency observations have removed the slowly changing dispersive terms, once again we can retrieve the astrometric measurement.
Observations
In March 5, 2014, we carried out simultaneous observations at four frequencies K, Q, W and D bands, with the three antennas of the KVN, towards 5 AGN target sources, for a total duration of 9 h. The target sources were selected based on two criteria: to have strong detections at W band, and angular separations in the sky ranging from a few, upto many degrees. The five selected sources (1803+784, 1807+698, 1842+681, 1928+738 and 2007+777) have angular separations among themselves that range between ∼ 3.6 • and 11 • . None of the sources had been observed previously with VLBI at 130 GHz.
The VLBA observations of BL Lac presented in this paper were carried out on 5 July 2013. The observations comprised blocks of conventional phase referencing observations at 5, 8, 15 and 22 GHz and blocks of MFPR observations at 22, 43 and 86 GHz. The former consisted of alternating observations between BL Lac and a calibrator source, with a switching cycle of ∼80 seconds, at each frequency; the latter, fast frequency switching observations, were just on BL Lac, between 22 and 43 GHz, and 22 and 86 GHz, with scans 30 s long. The MFPR blocks were bracketed by dedicated ionospheric calibration blocks, consisting of consecutive wide band observations between L, C and K-band receivers, with 40 s scans.
Methods
We carried out SFPR astrometric analysis of the four-band multi-frequency KVN dataset using AIPS. The details of SFPR analysis are presented elsewhere ( [8] , and references therein) and consists of two calibration steps. In the FPT step, the observations at the higher frequency bands (ν high ) are calibrated using the simultaneous observations at a lower frequency band (ν low ), for each source. This is done for all frequency pairs that have an integer frequency ratio R (with R = ν high /ν low ), which in turn is used to scale up the phase-calibration solutions from the lower frequency. This dual frequency calibration step eliminates the common non-dispersive residual errors (e.g., tropospheric propagation effects and inaccurate coordinates) in the complex visibility output of the correlator, providing increased signal coherence at the higher frequency. The SFPR step of the calibration removes the remaining dispersive residual errors (i.e., instrumental and ionospheric propagation effects) using the interleaving observations of another source. This two-step calibration retains the astrometric signature of any source position shifts between the two frequencies in the interferometric phase. The resultant calibrated visibilities, for a given frequency pair and a source pair, are dubbed SFPR-ed visibilities. The alternative approach is to measure and remove all contributions with additional measurements; this is the basis of MFPR. The Fourier transformation of the SFPR or MFPR datasets are the astrometric maps, which convey a bona fide astrometric measurement of the relative separation or shift between the position of the reference points in the images at the two frequencies.
To provide a prediction for the expected behaviour of a recollimation shock being revealed at high frequencies we used numerical simulations and the finite-volume code RATPENAT, which solves the equations of relativistic hydrodynamics ( [27] , and references therein). The jet is launched with a Lorentz factor of 7 and an initial over-pressure of 1.5 times that of the external medium, in order to obtain a recollimation shock. Using the hydrodynamical results as input, we have then computed the synchrotron emission at different observing frequencies (for details of the numerical model used see [13, 28, 29] ), adjusting the model parameters so that the jet is optically thin at 86 and 43 GHz, and becomes optically thick at lower frequencies. A magnetic field in equipartition with the particle energy density is assumed. At cm-wavelengths (5 to 22 GHz) numerical simulations reproduce the opacity core-shift of a Blandford & Königl conical jet model, while at millimeter wavebands (43 and 86 GHz) the core position clearly departs from this behaviour, revealing the core as an optically thin recollimation shock at a fixed jet location.
Results

Increased Coherence Time for mm-VLBI
The rapid changes in the observed interferometric phases introduced by the tropospheric propagation effects set a severe limit on the coherence time for integration of the signal in observations at high frequencies, and therefore the sensitivity of those observations. A direct consequence of the effective tropospheric compensation achieved from simultaneous dual frequency observations is an increased coherence time and therefore sensitivity.
In order to quantify the increase in the coherence time, we have carried out a comparative study of the coherence times achieved with FPT and SFPR at 130 GHz. This is the highest frequency in our observations, where the propagation effects are most severe. To perform these tests we use the AIPS task CALIB on FPT-ed and SFPR-ed calibrated datasets of 1842+681 at ν high = 130 GHz, with ν low = 43 GHz and 1803+784 as the reference source, with a series of phase solution time intervals ranging from 0.5 to 480 min. In each case the phase solutions are applied and the calibrated visibility data Fourier inverted to produce a map. We use the fractional peak recovered flux quantity, defined as the ratio of the peak flux in this map and that from self-calibrated maps, as a measure of remaining phase errors in the analysis. The fractional peak recovered flux values in the maps decrease with increasing temporal solution intervals, as expected. The coherence time is defined as the solution interval at which the peak flux recovery is 60%, being equivalent to the rms residual phase being equal to 1 radian. Our analysis shows that the coherence time at 130 GHz is 20 min with FPT calibration. With SFPR calibration there is practically no limit in the coherence time; we could integrate up to 8-h, the whole duration of the experiment, with a mere ∼20% loss of peak flux. Note that the tropospheric coherence time at 130 GHz is some tens of seconds and that neither 1842+681 nor 2007+777 have direct detections at this frequency.
Astrometry at 22, 43, 87 and 130 GHz
The final outcome of the SFPR analysis is an SFPR map which conveys the astrometric information. Figure 1 shows a subset of the SFPR-ed maps obtained in the comprehensive analysis of KVN observations; they are the Fourier transform of the SFPR visibilities directly above in the same figure. The offset of the peak of brightness with respect to the center of the maps is a measurement of the relative position shift between the two frequency bands, for the two sources. The complete results from the SFPR astrometric analysis, comprising of the five frequency pairs and six source pairs, are summarized in Table 2 in Rioja et al. [9] . In Rioja et al. [9] we also present a detailed astrometric error analysis and a method for the decomposition of the relative astrometric measurements into the individual source position shifts required for the registration of images at multiple frequencies, up to 130 GHz. Table 5 in Rioja et al. [9] summarizes this along with the estimated registration errors, which range from 10 to 100 micro-arcseconds.
The Nature of the VLBI Core
The results from the simulations are shown in Figure 2a ,b. For comparison, the results from the high precision astrometric analysis of the VLBA observations of BL Lac are shown in Figure 2c . The measurements at 43 GHz, with respect to 22 GHz, are from MFPR; those at 22 GHz and lower frequencies are from conventional phase referencing. [30] . Overlaid in red is the model from the fitting of the cm-wavelength data (where κ is −0.99 and r 0 is 5.3 mas GHz κ ).
Discussions
Demonstration of Multi-Frequency Calibration
Simultaneous multi-frequency observations offer an effective path to achieve increased sensitivity and precision astrometry in mm-VLBI, beyond the domain of standard techniques, such as phase referencing. The compensation of the fast phase changes imposed by the rapid tropospheric fluctuations in mm-VLBI, using observations at a lower frequency of the same source, results in an increased coherence time of up to 20 min at 130 GHz using FPT analysis, which increases the sensitivity by an order of magnitude. Moreover, when combined with the observations of another source, a bona fide astrometric measurement of the relative frequency dependent position-shift between the two frequencies can be estimated using the SFPR technique. This in turn results in an unlimited extension of the coherence time. The application of SFPR techniques has allowed the detection of weak sources that were not directly detected within the atmospheric coherence time (i.e., with self calibration) and we have measured frequency dependent position shifts between a range of frequencies from 22 up to 130 GHz with high precision, for each of the observed AGNs. We believe that these benefits would continue to apply beyond these frequencies.
Comparison of SFPR and MFPR to Other Methods
FPT requires fast switching, or simultaneous observations, of the two frequencies. Fast switching limits the maximum frequency for the method, as the rates become unmanageable. It is highly recommended that the frequencies are at an integer ratio ( [31] , but it is possible, with care, for non-integer ratios). SFPR requires two sources, which can both be detected at the lower frequency and at least one of which can be detected at the higher frequency (although the longer coherence time from the FPT helps with this step). For MFPR the main requirement is that the instrumental terms are stable and can be measured in the prime calibration step. Secondly, the ionospheric contributions should be measured through the curvature of the delay solutions across a wide frequency span, and preferably covering the lowest possible frequencies. For accurate (≤0.1 TECU) measurements 1.4 GHz must be included.
These are not very burdensome conditions, but they can limit the use. There exist a variety of other indirect methods used to register the images of AGNs and/or maser species at different frequencies. However the alternative methods have much more serious systematic problems. The application of these methods for compact sources and for sources with faint or smooth jets is clearly an issue. Therefore these methods can be unreliable or impossible to use in mm-VLBI, where in many cases only the compact core can be detected (see discussions in [32] ).
In a similar fashion, some maser species can be assumed to form in a ring, and the centre of the ring can therefore act as a reference point [33] , or one can identify a single component which appears similar in velocity and orientation with respect to the main body of emission and use that as the reference point across frequencies [34] . It is not hard to see the short-falls in such approaches and these different methods tend to produce incompatible conclusions. Phase referencing would provide a clear solution for such challenges but, as pointed out previously, conventional phase-referencing is not an option above 43 GHz.
Therefore SFPR/MFPR stands alone as a method that will allow for the unambiguous registration across wide frequency spans for mm-VLBI images, both for continuum and spectral line studies, because it provides a complete compensation of atmospheric propagation and instrumental effects. SFPR is widely applicable for many sources, since the calibrator source can be at a significant angular separation and slow source switching does not undermine the result. The method will work even at very high frequencies, making it particularly suitable for mm-VLBI observations. We note that systematic effects do need to be carefully taken into account, particularly when using a lower frequency of 22 GHz. MFPR does not require the second source, but has a greater calibration overhead.
The Nature of the VLBI Core
The nature of the VLBI core in AGNs continues to be elusive, with two sets of results, one suggesting that the radio core corresponds to a recollimation shock while the other implies that it marks the transition between the optically thick-thin jet regimes. For example M87 definitely follows the expected Blandford & Königl behaviour [25] , but simultaneous observations at γ/X-rays, optical, infrared, and radio, together with mm-VLBI imaging, have shown that in several radio galaxies and blazars the core indeed is inferred to lie parsecs away from the central black hole [35] [36] [37] [38] . Our astrometric measurements, shown in Figure 2c , suggest that the downstream recollimation shock has been detected in BL Lac (see also [39] ), reproducing the expectations from simulations extremely closely [30] .
